STATO0008: Stochastic Processes

Lecture 9 - Continuous-time Markov Chains

Lecturer: Weichen Zhao Spring 2026

Key concepts:

o & %W 8] Markovik ;
o HEALIR BIEE /R L/ Q%

e Kolmogorovw&) A7 -16) J& 75 #2.

9.1 FEZERTE] Markov SERIEARE N
Jegn B IS [A] Markov HE € X

Definition 9.1 (ZE4RTE] Markov $§) XER —AMNTHE S, FRRE R E KN W& S at
B AL AZ{ X ()} A — AN F G B ] Markov 4% (Continuous-time Markov Chain, CTMC),
e RIFFHERE t,5 >0, s> 5, =851 =+ =5 >0k N, HEFIRSE i1,40,...,05,4,j €
E, & Markovtt :

P(X(t+5) = jIX(5) = i, X(84) = ins - X(s1) = i1) = P(X(t +5) = j|X(s) =) (9.1)
MEo dm R
P(X(t+5) = jIX(s) = i) = P(X(t) = jIX(0) =4), Vs>0

N i% Markov 48 A B 589, 18P, (1) A MRS R & ent 0] 10 [ )6 # 45 21 R &5 69 4 B A
x, PP
P;(t) = P(X(t) = j|X(0) = ).

VA IT 8 P de AR BB, PTA 318469 Markov B2#F 2 B 709,

9-1



Lecture 9: Continuous-time Markov Chains 9-2

Definition 9.2 (##EER) A BBELRGESE P(t) = {Py(t)}ijer HHEBR
Bk, PR AT E A

Py(t) >0, i,j€E, Y Py(t)=1

JEE

Proposition 9.3 (Chapman—Kolmogorov 512) *4£&i,j € E,t,s > 0,

z] 8+t ZRk Pk]

keFE
B R FE R X A
P(s+t) = P(s)P(t), P(0)=1I (9.2)

Proof:
P(X(s+1) = j|X(0) =1)

=Y P(X(s+1) =4, X(s) = k|X(0) =)

=Y P(X(s+1t) = j|X(s) = k, X(0) = i) P(X(s) = k| X(0) = i)
= Py(t)Puls)  (Markovi)

EL FATTHEXS P ()i — S

lim P(At) = [
ALL0

1P (AL HIEE— AN R EAE R R AL IE SR o 3 L XA SR RO 08 W R bR E R (standard) #%
MR . FER MR AR AENE AT DAORAIE HAMUAE SR, 10 AR e A 1 21, B

lim P(t + Ar) = P(t).

2. BTN iE B(E) NE LA REY [ E— RIES, WTUELET
P,: feB(F)— PB[f] € B( )
f@) = Pf16) 2 ) Py E[f(X,)|Xo = i]

jeE
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hm(9.2), A
s+t Z PL] s+ t
=N "N " Puls) Py fG) = Y Pals) Y Pui() £(5)
jEE keE keE jEE
= Puls)P[f](k) = PJP[f]](i) = P, o B[f](i)

E]]Ps-i-t = Ps o Pt’ iZﬁ“ﬁUﬁ?‘EZ%?’?{B}QOE‘]ﬂéﬁ(Semigroup)‘f’:JEE"i, ﬁ'ﬂ\]$k{Pt}t20jlg_‘
MMarkovF-Ff.

9.2 #RRFEIHEFESKolmogorov[algi-lBIFHFTE

BB [R] B 55 Markov i n 25 35 #2540 [
p™ = pn

R A “CERUNT PRTAE RSN, (E R IE SR (8] A 0N 18] Markov #EANF I, I 1E)s, t4S
FEARTUREA, T ARANE] “ a7 B B ELALA 4555 T i e

P(t) = P/2(A)

XA ESET (B FEN LS FE I R 28 Z AL DRI /5 23— A RE 2 2 T3 L Markov B
—DERIEMEPPTE “MEM” &R, JEMRERIEREP().

MCK T &
P(s+1t)=P(s)P(t), P(0)=1

KB, XN TCMRYEIFE R E R AT, FAVETE 5 & — A sk B0y 2
Fls+1) = f(&) (), F(0)=1
XA TTREAEL = O ESERIE RN
1(t) = e
Hrra = f/(0), Bk, FAVFEMP()ATUAFRRA
P(t) = exp(P'(0)¢)
FHRA 65 ST T A .
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Definition 9.4 (3% FiRFFEMF) A4 FEP(4) 3 L HSRFRIEQ = (¢;) B XA

P(At)—T d
Q= lim ——=— == P(t)lo
PEETHA
Pi(At) —1
Jp— N 7 e . >
G = AT A G 4 =0 ©-3)
Py(At)
%= M A I 84)

Hrqi; ARSI BR S j A9 56 A5 R & (transition rate)o

1. HRE B FEQWAAR A P(¢) I () A2 BT (generator) , I FR A QREFE

2. HREFFEREQR K E

Proposition 9.5 &4 4E %5 P(t) ZARAE G, BPiH R ESE N K MHlima o P(AY) =1, R 2
(1) qii = limagyo M =: —q; B, 12T Hoo;

(2) qij = hmAti() J( )7 ]7&2 Z’?‘&ﬂ;ﬁ]—w‘o

(5) Zj;&z‘ %ij < -

Proof: iEBiZE (NAMIVLIIIIEY, FBRAE. EEE, b RS EE, 2023, m@i2.6.3.

SAf 9. 5 RS, T RAZE YR I E X

Definition 9.6 (Q%EM) Q = (¢;))#HH — Q%R =X
(1) ¢ii = —q; <0, q;*T VABR 400
(2) 0 < g <+oo, j#i

(3) 325295 < i
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B, EFY L0 =q <400, B Y pq; =0, WARQIEME T 49 (conservation),
J& BAVARE B FOQ4E %,

ST A RQIEY, & B Markovikish &
Pi(At) — 1

Qii Alwn% At gi, ¢ =0
P (At)
¢ij = lim —7=—, k]

W] AR 3 Markovit R VAQ 79 55 J& 69 3% 42 B 18] Markovk o
P B HE RAE T, BATEES — DR M P R DR, 6 TS A, T
HRHEMEPO)RE AR 2, T IHIRATE ARS8 EA BRI Wl v 55 P(¢).

HIEMEQ, X
s @
€Qt = Z ?
k=0

Proposition 9.7 3t T MR A 4208 18] Markovi:, W€ #4582 R4EFQ— 2 IR F Y,
w B4 A5 56 5 { P(t) } it & Kolmogorovis) A 7 2

Cp) = PQ. PO) =1 (9.5)
A% Kolmogorovis) J& 77 #% ;

EP(t) =QP(t), P0)=I (9.6)
BPP(t) = €9,
Proof: HE X, (A1) (Af)

L. 1=Py(At) P (At
%= Alglo At A0 g At
] T
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=BALRE ROPRE B RAIR, FrlQ2RTI. HCKIHE

Zak ) Pyj (At) — Py (t))

L pt+A)-P K‘
_ i Py () P (AD = 0

At

/‘\

ANt L0, BpfE
5Pt =Pt)Q =QP()
HFRESEREIR, Bl mEmE—r, BIP() =@ n

AL B pi(t) = P(X(t) =), p(t) = (po(t), pa(t),---), W

B LA Kolmogorov FI I T HE, A

Sa(t) = p(0) L P() = p(0)P()Q
Wt 1
(1) = 1)@ 9.7

(9.7) Wy Fokker-Planck 718, ‘B4t 7 BRI AL .

A2, WTRESE AR, Kolmogorovlal - J5 127 B — & A feor. B
fEkut, W{P(t)} e —"MMarkov:-Hf, QAHXT NI EBHE, HQ=2R M, WKol-
mogorov [ Jg ST FEAL; #isup,ep ¢; < 0o, W Kolmogorov A Hil J7 & AL

JE3. HERMIEHE AT A, AT PAKolmogorovId] Bi-1) j5 7 FE 2N, HAEHT



Lecture 9: Continuous-time Markov Chains 9-7
IFFEE KA T LP(t) = P(H)Q = QP(t), R IFEAR LRI%S A

(
— i <i Py (At) Py (t — At) — Py (t — At))

N
¥ Py (At) — i

B IS AMarkovBE 2 AR FF 1, RIFE RS A0 PR AR A T W Q(t), A Fe e i
# P(s, t)Kolmogorov A fi- [F] J5 /7 A2 /2 A4 ?

9.3 filF

Example 9.8 (Poissonid$g) @ Poissonid #2892 X : F it 8 IAZ{N(t),t > 0}k 2
(1) N(0) =0;
(2) BRIk 23E5,

(3) ERKEA t 694 F K1) 69 FARIRA A Nt B 4889 PoissonsF, BP, 3 TH&s,t >
0. # )
P{N(t—l—s)—N(s):n}:e_MM n=0,1,...

n! "’
N AR A B AR FEN > 0)89 Poissonid 42
PoissonitAZ{N(t),t > 0} RAKE =M A{0,1,2,...}, #BHER

(()\jtzji; exp ( - )‘t) ,

WV

P;(t) = P(N(t+s) = jIN(s) = i) = { .
0, 7 <

A9 & 2 B 18] Markovit, 2 P;(0) = 65



Lecture 9: Continuous-time Markov Chains 9-8

Proof: T 2%

P (N (tn1) = JIN (ta) = i, N (tn-1) = in-1, -+, N (to) = o)
=P (N (tps1) = N (tn) = j = i|N (tn) =4, -+, N (o) = to)
=P (N (tns1) = N (tn) = j — i)

=P (N (thy1 —tn) =Jj —1)

A

B exp(=M), j>i

Pij(t)P(N(t)Ji){

0, j <t
Fr LR HE RS A
2 k
Lo G =
()\t k—1
1 M- —(k)—l)!
P(t) = 1 ()\t)k—Q eXp(—)\t)
e B
1
AT F Poissonid #2 K QA FE,
N j=itl
a g By (A —=dy o
q”_lAltrﬁ)T_ —\, j=1
0, HAb
1 -1 0 0 0
1 -1 0 0
Q= (=)



Lecture 9: Continuous-time Markov Chains 9-9

I EE PR L el
0 CH-Y' (-1 (-1
a 0 0 co Cl (=1 ’

Haxt T j <08 j > kHE )= 0.8 X
Qz(Jk) = (_)‘)k Clg_i (_1)].72‘7]? 2 1’i>j S E?

FH P, (0) = 6;;43 2
Q = (d) @ =1,
HHEX >4 H

o] 0 k
St =t
(\t)7—
_ At)F=G=)
g%]ﬁ G
At
=Gl
5 R FE A 15 2
e’} k o0 1
Pt) = Z %(ql(j)) _ Z E(tQ)k — Q.
k=0 k=0

Poissonid A2 (B 5 R FAVRE MM EREP(t), A)a FIEERSAFINQME, RimBlsd,
HEAE R SEAT PIHR R MR AR B QAR 285 18 i Kolmogorov A 1l [ Ji5 75 RE R e 1%
FEFEP(t). THEANTE T

Example 9.9 (Hl284E1E0)R0) X EAMME BT TIEBRA S ANGE R >, —
BAERIAN 22 F AT, S A IRA SR A RS o w RAARBEHZE = 0
MELTEF RS, AHAHATHEL T TRSOBE?
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R, XEAPPREN Markov #. BIEH TAFIRZE N0, BEURESNL, PRS2 16y
{0,1}, FEAtIFTEIA,  HLas M IE RS FASIMEBEARS MRy

Py1(At) = 1 — exp(—AAL) = AAt + o( At)

HA Py (At) =1 — Py (At)e H—TJ71H, TEALNTEN, HLas MMEBRESRE N EE RS
Pio(At) = 1 — exp(—pAt) = pAt + o(At)

HA P (At) =1 — Pyo(At). FrLLQHEFEN

()

RQWIFFAEAE A
S FRIRFAL [ 5

Kf#Kolmogorov T #8, FJ1%

P(t) = exp(Q1)

(1 -1\ (1 0 1)
S\ 2 SN0 ep(-(A ) \1

_ ( S+ 2 exp(—(A + )t 53 — 535 exp(—(A + p)t) >

o i (= (A p)t) 33+ exp(—(A + p)t)

M TALESER 2 01E% TAE, FrllgiaMiav(1,0)", PR ZITRIEH TAFRHEER

RT) = Fo(0)PulT) = -+ 5 2 —exp(~(+ )T)

9.4 QFEMHHEEREX

LIS [A] Markov BEMUAT AT LANE IPIANRFIE “15 87 A Bk RFE, XML
HRQIM A EH VIR, ANHAL H QM FE TR ¢, IR E L.
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Theorem 9.10 & X () — A& S0 18] Markovid 42, = L7 = inf{t > 0: X (t) # i, X(0) =
AR TX ()RS IFE e, 0

(1) P(t >t | X (0)=14)=e %"t >0;
(2) Bj A, P(X(7)=j,7<t|X(0)=1i) =2 (1—e);

(3) Bj#ifF, P(X(r)=4]X(0)=1i) =2

Proof: (1) j¥& %
P(r>tX(0) = i) = P(X (u) = i,u € [0,4] | X (0) = i)

AT IR B ERBEES B, £ {4, 1< <2y B BT, FHE
A, 2 {X(g—:) 1< <2 = {X(u) = iuc B}

BRI AL DA D A

{(X(w)=iucl0t} =4 as.

j=1
HH A T SR
P(X () =i,u€[0,1] | X (0) =)= lim P(4, | X (0)=i)
= lgnP(X(j—i) :2,1<j<2”|X(0):@)
_ on
()
n—oo | on
n—00 n

i t t\1"
= lim 1—qi——|—o(—)1
n—oo | n n



Lecture 9: Continuous-time Markov Chains 9-12

(2) EHE X .
l%é{gﬂéjSQ”—H

An 2 {X(u) =i,u € By}
A, R TR, {E15 N
{X(u)=14,uc|0,t)} ﬂ
SFF ¢, At > 0 F j # 4, M Taylor JEFFZAZ _
P(X(t) = j|X (t — At) = i) = Pj(At) = q;;At + o(At)
IIbGH

lim P(X(t) = j|X(t — At) = 1) = g, At.

At—0

)

411:3

At =L, 1

P(X(r) =j,7 =t]X(0) =)

= P({X(u) =i,u € [0,0)}, X(t) = j|X(0) =)
= lim P(A,, X(t) = j|X(0) = 1)

= lim P(A,|X(0) = §)P(X () = j]An X (0) = i)
- lm [Pii(Qin)]TlP(X(t) — JIX(t — Ab) =)
= lim (1~ g + ()" (gt + o(A1)

= e %q;dt.

PRI Tt € [0, s]B 15 2

P(X (1) =j,7 < s|X (0) =) = / Gt = qu T
0 i

(3) 16(2)h 4t — collIfE -

1. Hq = OR,
P(r>t|X((0)=i)=e %=1
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EENX (O)AZBEIRE FRIRESCARBUIRE (absorbing/traps state). g = +oolff,
P(r>t|X(0)=4)=0

EERWX (O)ERESILPAIERE, FORECBERDRZS (instantaneous state). 240 < ¢; <

+oolff, FRIRASVIZ BIRZS (stable state)o

F2. BEFEBEFRIEEQ, EX

i Hq =0,
MK = (ki) &AT ZHN1. 5 X
To = 07
= inf{t > 0]X(£) £ X(0)},
7o = inf{t > 7| X (t) # X(n)},

M 7, A REE {X(¢)} WIEE @ IR 2. T, =70 — i S50 @ RGN, M
EF.1075 ) MarkovEEHT DL 45 5 .

(1) FELIT ) — 5 e 1)

X =X(1n) (n=0,1,--+) B K = (kij) N—DEAMERH R0 5 BN A MarkoviE, )
N AX(6)} WHRAEE (embedded chain)BiBkELEE (jump chain). ¥E {X(7,)} W4 E P
ig — i1 — 19 —> -+, MarkovEETE SRS KR IAZ RIS A] 1o, Th, Ty, - - - AHERSE, T, RA
S8 g, KR8, §=0,1,2,-

(2) 8 B ] — 32 2 1]

VE{Y,) AL B BN I MarkovBE, LK = (ky) NEBMAIER. SHEA e B, F{Y, )%
WEIE 0, TE i ROP R TR A TG BN, R IE R SO S,
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B4R DL Ky R BPIRES 5 (5 #£ 4), HE— DBV, JEAFRRAS (1945 53 B (8] AH B
S, X (1) Fon t BHY, PR, BPA{X (1)) AEELEN (A Markovif, 7 H R H R
Qo {X(t)} FNLLQAHL R B FERIBEFE . BN BE I AR 2650 PR K HH 3% 78 1 3
Q RIE.



